T h e m a n a n d h i s l i f e (J. E. R.) P h i l i p H a l l , fo rm e rly S a d leiria n P ro fe sso r o f P u re M a th e m a tic s in th e U n iv e rsity of C a m b rid g e , w as a m a th e m a tic ia n of g reat influence and d istin c tio n . F o r m an y years he was th e only alg eb raist w o rk in g in E n g la n d . H e w as p re -e m in e n t as a g ro u p th e o rist and m ad e m an y fu n d a m e n ta l discoveries; th e c o n sp ic u o u s g ro w th of in te re st in g ro u p th e o ry th is c e n tu ry ow es m u c h to him . 
Origins and early life
P h ilip H all, th e illeg itim ate son of G eo rg e H all and M a ry L a u ra S ayers , a d ressm ak e r, was b o rn in H a m p ste a d , N o rth L o n d o n , on 11 A pril 1904. M ak in g no p ro v isio n for P h ilip or his m o th e r, G eo rg e H all d isa p p e a re d fro m th e ir life soon afterw ard s. P h ilip w as b ro u g h t up by his m o th e r; in his g ra n d fa th e r's hom e in C h ristc h u rc h R oad u n til he was seven, and th e n at 8 W ell W alk, w hich rem a in e d his hom e, except for a few years d u rin g th e S econd W o rld W ar, u n til 1948.
L a u ra S ayers and h e r sister L ois w ere th e y o u n g er of tw o p airs of tw in d a u g h te rs of Jo sep h Sayers and his wife E llen ( S tone) ; th ey lived in B alcom be, W est Sussex. Jo sep h Sayers sta rte d o u t, like his fa th e r before him , as a farm lab o u rer. By the tim e L a u ra was b o rn he was a G a rd e n e r D o m estic and in 1915 w hen his y oungest child E th el left W ell W alk to m arry , his occu p atio n was d escrib ed as M ark et G a rd e n e r. A t som e tim e betw een the death of his eldest d a u g h te r in 1881 and th e m arriag e of his only son in 1890, Jo sep h Sayers m oved his fam ily from B alcom be to H a m p ste a d (taking th ree days by horse and cart), so th a t his girls w ould no t have to go into service; he ap p re n tic e d th em in stead as n eed lew o m en to P e te r R o b in so n . O f th e e ld e r tw in s, one m a rrie d b u t A da rem a in e d single a n d lived th e rest of h e r life w ith L a u ra , w ho b ecam e k n o w n as M rs H all. L ois d ied in 1936.
In 1910, A da, E th e l, L a u ra an d L ois b o u g h t 8 W ell W alk a n d ran it as a b o a rd in g house. T h e y w ere carefu l m an a g e rs, an d very little w as ever d isc a rd ed . W h e n ro o m s rem a in e d e m p ty , as h a p p e n e d , fo r in stan ce, in th e D e p re ssio n , th e y w o rrie d . W h e n P h ilip w e n t aw ay to school, his ro o m was let; and th ey p e rsu a d e d th e te n a n t to find so m ew h ere else d u rin g the holidays. As an a d u lt, P h ilip too show ed a p r u d e n t reg a rd for th e value of m oney.
M rs H all was a d e v o u t m e m b e r o f L y n d h u rs t R oad C o n g re g a tio n al C h u rc h ; she rem a in e d p a rt of its P ra y e r C ircle, w ith h e r su rv iv in g sisters, even after she h ad left H a m p s te a d for good. P h ilip w en t to S u n d a y School th ere; he w as b a p tiz e d in 1911 a n d c o n firm ed in 1918; b u t in later life did n o t keep his religious beliefs: he fo u n d , th e n , 'q u ite e n o u g h to w o n d e r at in th e n a tu ra l w o rld '. D r R. F. H o rto n , th e m in is te r at L y n d h u rs t R oad, was one of a n u m b e r of able m en w ho took a frie n d ly in te rest in P h ilip H a ll's p ro g ress.
P h ilip a tte n d e d N ew E n d P rim a ry S chool, ru n by th e L o n d o n C o u n ty C ou n cil (L .C .C .), fro m 1909 u n til 1915, w h en he w on a sch o larsh ip th ro u g h th e P u b lic E le m e n ta ry S chools C o m p e titio n to C h r is t's H o sp ita l, W est H o rsh a m , a school th a t a d m itte d only th o se boys w hose p a re n ts w o u ld n o t have b een able to afford b o a rd in g school fees.
H all e n te re d C h r is t's H o sp ita l in M ay 1915, w h en A. W . U p c o tt w as h e a d m a ste r, and left in 1922. H is h o u se m a ste r w as E d w in H y d e , w ho 'could m ake even m ath e m a tic s sparkle like a c h a n d e lie r' (see C a rte r 1953). H e was m u ch in fluenced by C. J. A. T rim b le , h ead of m a th e m a tics, w ho was a k in d a n d co u rte o u s tea c h e r, so m e th in g of a recluse, a n d a c o n sid erab le m ath e m a tic ia n him self, b eing th e a u th o r, w ith T . S. U sh e rw o o d , of tw o tex tb o o k s on p ractical m ath e m a tic s. A n o th e r tea c h e r w ho h ad g reat influence on H all, as on everyone else of th a t g e n e ra tio n , was th e classical scholar W . H . F yfe, w ho succeeded U p c o tt in 1919. F yfe was th e first lay h e a d m a ste r since 1678, and to the boys ap p e are d b e n ig n , liberal and a p p ro ach ab le.
W h en H all becam e house c ap tain in 1921 he ru le d , like F yfe, along th e lines of sim ple reason. H e was k in d and h elp fu l to th e y o u n g e r boys, w ho resp ected and a d m ire d him ; th is was rem ark ab le in those days for he was n e ith e r an e x tro v e rte d leader n o r any k in d o f ath lete. H e played ru g b y for his house as a ra th e r clu m sy fo rw ard , b u t gave up cricket, b ein g c o n te n t for a n u m b e r of years to be official scorer for th e school F irs t E leven. H e was in th e O fficer's T ra in in g C o rp s, b u t was oth erw ise unaffected by the G re a t W ar. In 1921 he was e d ito r of The Blue. H is co n te m p o ra rie s, w ho w ere well aw are of his O ly m p ia n intellect, re m e m b e r him as likeable and ch eerfu l, w ith a sense of h u m o u r, gentle and reserved. E ven th e n H all h ad c u ltu re d in te rests th a t sp read w idely b ey o n d m ath e m a tic s. In 1920 he w on th e C h a rle s L a m b S ilv er M ed al in an o b lig a to ry c o m p e titio n for th e b e st E n g lish essay. In his last year he w as a w a rd ed th e T h o m p s o n M a th e m a tic a l G o ld M e d al. H e loved th e c o u n try sid e a ro u n d H o rsh a m and on w hole h o lid ay s w o u ld w alk for m iles in it.
In D e c e m b e r 1921 he w on an O p e n F o u n d a tio n S c h o larsh ip at K in g 's C ollege, C a m b rid g e . T o g e th e r w ith an E x h ib itio n fro m C h r is t's H o sp ita l a n d an aw ard fro m th e L .C .C ., th is gave h im for his u n d e rg ra d u a te years an an n u a l in co m e o f £ 1 9 0 , som e six tim es th a t o f his m o th e r.
Cambridge and London, 1922-27
H all w e n t u p to K in g 's in O c to b e r 1922 to read for th e M a th e m atic a l T rip o s . H e w as in th e F irs t C lass in P a rt I in 1923 and a W ra n g le r in P a rt II in 1925, w ith special c re d it in th e o p tio n al, m o re ad v anced, S ch ed u le B.
T h e list of W ra n g le rs th a t year also c o n ta in ed W . V. D . A nalysis d o m in a te d th e p u re m ath e m a tic a l scene (E. W . H o b so n was S ad leirian P ro fesso r), b u t th e re was a good deal o f g eo m etry w ith H . F. B aker (L o w n d e a n P rofessor), H . W . R ic h m o n d and F. P. W hite. A lg eb ra was q u ite n eg lected an d it was possible to get a degree w ith o u t k n o w ing any. B efore H all g rad u a te d , how ever, he had th e o p p o rtu n ity of a tte n d in g adv an ced courses on g ro u p th eo ry given by B aker in 1924 and W h ite in 1925, and of h earin g P. A. M a c M a h o n lecture on 'Som e processes in C o m b in a to ry A n aly sis ' in 1925. H e jo in e d m an y o f th e religious and sem i-relig io u s societies, qu ite im p a rtially as to d e n o m in a tio n , b u t p re fe rre d stu d y to social life; he fo u n d th e lib raries 'm o re th a n en o u g h to keep m e o c c u p ie d '. R e tirin g he m ay have been, b u t J. T . S h e p p a rd , w ho was to be P ro v o st o f K in g 's from 1933 to 1954, no ticed him and took him and a frien d to B rittan y for a fo rtn ig h t in Ju n e 1923.
H all ow ed m u ch to A rth u r B erry, w ho was A ssistan t T u to r in M a th e m atic s at K in g 's College. W hile still an u n d e rg ra d u a te H all 'began w ith B e rry 's en c o u ra g e m e n t to stu d y the w orks of W illiam B urnside, especially his m agnificent treatise on the T h e o ry of G ro u p s & som e of his later p a p e rs '. H e offered p a rts of B u rn sid e 's book for the S chedule B ex am in ation, and had (am ong o th er th in g s long since becom e fam iliar in the T rip o s ) to 'shew th a t th e re c a n n o t be a sim p le g ro u p w hose o rd e r is th e p o w er of a p rim e p r (r > 1)'.
H all g ra d u a te d B.A . in 1925 (he took his M .A . in 1929) and w as elected to an O p e n S e n io r F o u n d a tio n S c h o larsh ip , w h ich allow ed h im to stay on at K in g 's for one m o re year. T h a t s u m m e r d u rin g a long h o lid ay in Italy he lea rn t Italian ; and in th e follow ing M a rc h in L o n d o n took step s to learn G e rm a n . A t th e end of J u n e 1926, u n d e c id e d as to w h e th e r to p u rsu e an academ ic career, he took p a rt in th e A d m in istra tiv e G ro u p C o m p e titio n o f th e C ivil S ervice E x a m in a tio n , b u t was u n su c ce ssfu l.
H all stayed in C a m b rid g e , in lo dgings, fro m O c to b e r 1926 u n til th e end of th e M ich aelm as T e r m th a t y ear, w h e n he h a n d e d in a F e llo w sh ip d issertatio n : 'T h e Iso m o rp h ism s o f A b elian G r o u p s '. In m an y resp e c ts th is was years b efo re its tim e, and it m u st be d o u b te d w h e th e r anyone th e n in C a m b rid g e co u ld p ro p e rly assess it. It show s signs o f h asty p rep a ra tio n ; in d eed th e d isse rta tio n finishes a b ru p tly in m id -a rg u m e n t, as if th e F ello w sh ip E le cto rs h ad sn a tc h e d it away fro m h im . Its c o n te n ts rem ain ed u n p u b lish e d ; som e of th e m will be d e scrib ed later. In M a rc h 1927 H all w as elected to a F ello w sh ip at K in g 's C ollege, w h ich he h eld for th e rest of his life.
H a ll's first p u b lish e d p a p e rs date fro m 1927. F o r som e m o n th s fro m Ja n u ary th a t year he w ork ed as rese a rc h assistan t to K a rl P e a rso n at th e B io m etric L a b o ra to ry , U n iv e rsity C ollege L o n d o n , w here P earson c o n tin u e d to advocate m e th o d s in th e th e o ry of c o rre la tion th a t had b een su p e rse d e d by th e p o w erfu l te c h n iq u e s in tro d u c e d by R. A. F ish er. As H all recognized, th e resu lts of referen ce 1,* w h ich w ere deriv ed by classical P earso n ian m eth o d s, h ad already b een o v e rta k en by F is h e r's; and w h ereas th e re was in referen ce 2 an eleg an t geo m etric a rg u m e n t, th e essentials of w h ich are still q u o te d in M . G . K e n d a ll & A.
S tu a rt's The advanced theory of s t a t i s t
, it can hav th a t H all was n o t in sp ired to becom e a statistician . In d e e d his p rin c ip al task w hile w ith P earso n was to w ork o u t th e tab les of th e In c o m p le te B eta F u n c tio n (cf. P earso n 1934), and as th ere w ere to be finally a b o u t a q u a rte r of a m illio n e n tries, he took th e view th a t, as far as he was co n cern ed , it co uld stay inco m p lete. Cambridge and Bletchley, 1927-45 H all re tu rn e d to C a m b rid g e in S e p te m b e r 1927 to take up residence as a Fellow of K in g 's. A lm ost at once he m ade a discovery as im p o rta n t for the th eo ry of finite soluble g ro u p s as S y lo w 's T h e o re m of 1872 is for finite g ro u p s in general. In 'A no te on soluble g ro u p s ' H all p ro v ed th a t if G is a soluble g ro u p of o rd e r mn, w h ere m and n are co p rim e, th e n every su b g ro u p of G w hose o rd e r divides m is c o n ta in ed in som e su b g ro u p of
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o rd e r m, an d th ese s u b g ro u p s o f o rd e r m are all co n ju g ate in G. A su b g ro u p w h o se o rd e r a n d in d ex in a finite g ro u p are c o p rim e is now k n o w n as a H all s u b g ro u p . T e n years later, in referen ce 9, H all c h a ra c te riz e d so lu b le g ro u p s by su ch a rith m e tic p ro p e rtie s, a n d w en t on to dev elo p a gen eral th e o ry of finite so lu b le g ro u p s. In th e late 1950s th e H a ll-H ig m a n p a p e r (21) a n d 'T h e o re m s like S y lo w 's ' (22) h a d a p r o fo u n d in fluence on J. G . T h o m p s o n , and w ere in d isp e n sab le fo r th e g reat a c h ie v e m e n ts o f th e 1960s.
In 1932 H a ll w ro te his fam o u s 'A c o n trib u tio n to th e th e o ry o f g ro u p s of p rim e-p o w er o rd e r' in w hich he tried 'to discover som e of the m ore obvious fea tu re s w h ic h u n d e rlie th e s tru c tu re of th e m o st gen eral p -g r o u p '. T h is is one of th e fu n d a m e n ta l so u rces o f m o d e rn g ro u p th eo ry , w h ich can be read now by any g ra d u a te s tu d e n t ju s t for th e e n jo y m e n t o f th e b e a u ty of th e p re s e n ta tio n . H all reg a rd e d as his m o st in te re stin g c o n trib u tio n th e th e o ry of re g u la r ^-g ro u p s ; b u t he also laid dow n th e basic laws o f th e c o m m u ta to r calcu lu s, in tro d u c e d th e C o m m u ta to r C o llectin g P rocess a n d d isco v ered one o f th e links co n n e ctin g th e stu d y of g ro u p s w ith th a t o f L ie rings. H e rep lied to a le tte r of c o n g ra tu la tio n on th e fiftieth a n n iv e rsary o f its su b m issio n th a t 'T h e re is a sto ry b e h in d th a t p a p e r. M y F e llo w sh ip at K in g 's h ad b een ren ew ed in 1930 b u t, -so m etim e in 31 I th in k , -it was in tim a te d to m e th a t a second renew al w ould be u nlikely, u n less I show ed signs of m ath e m a tic a l life; before th e n I h ad only p ro d u c e d one sh o rt no te in 1928, so th e re was som e ju stifica tio n for th e ir w a rn in g & I o bviously h a d to m ake a b it of an e ffo rt.' A. E. In g h am , passin g on th e h ig h p raise o f th e referee, u rg e d H all to go to th e In te rn a tio n a l C o n g ress in Z u ric h th a t S e p te m b e r and tell th e w o rld a b o u t th e g ro u p s of p rim e -p o w e r o rd er; H all took only th e first p a rt of the advice.
B etw een 1930 and 1933 H all gave courses on F in ite G ro u p s; am ong th o se to h e a r h im w ere H . S. M . C o xeter, w ho often w alked over to his room s fro m T r in ity for d iscussions, and M . H all. A lfred Y oung was also le c tu rin g on G ro u p C h a ra cte ristic s. H all w as a p p o in te d L e c tu re r in 1933 and w ith M . H . A. N e w m a n began to give algebra its footing in P a rt II. O f all th e advanced courses he gave befo re th e W ar, p e rh a p s th a t on R e p re se n ta tio n T h e o ry h ad th e w idest appeal. In th e L e n t te rm of 1939, to satisfy all 15 w ho cam e to th e m eetin g to arran g e tim es, H all offered 8 a.m . N o b o d y could plead th a t he already had a lecture, so he gave 24 lectu res at 8 in th e m o rn in g ; and the n u m b e r a tte n d in g rem ain ed c o n sta n t. T h is was rem arkable co n sid erin g th a t H all no rm ally w orked into th e early h o u rs and rose late.
H a ll's first research stu d e n t, th o u g h officially su p erv ised by R. H . F ow ler, was G a rre tt B irkhoff, w ho sp en t 1932-33 in C a m b rid g e and w hose first p a p e r on lattice th eo ry (1933) testifies to th e help and e n co u rag em en t he received from H all. T h re e o th ers w orked as H a ll's research stu d e n ts before th e w ar: B. H . N e u m a n n on identical relations in groups, K . A. H irsc h on infinite so lu b le g ro u p s a n d T . E. E asterfield on g ro u p s of o r d e r /) 6. O lga T a u ssk y (now T a u s s k y -T o d d ), like H irsc h and N e u m a n n a refugee fro m th e N azi te rro r, h ad m an y d iscu ssio n s w ith H all on pg ro u p s; and D . D e rry d u rin g his year in C a m b rid g e d iscu ssed w ith h im to rsio n -fre e A b elian g ro u p s.
H all had also to teach u n d e rg ra d u a te s re a d in g m a th e m a tic s o r n a tu ra l sciences at K in g 's for u p to e ig h t h o u rs a w eek. R. E. M a c p h e rso n has w ritte n :
'W h a te v e r th e q u e stio n he w o u ld b rin g th a t p a rt o f m a th e m a tic s to life & nearly alw ays e x te n d it in to n e ig h b o u rin g fields. It w as assu m ed p re -w a r th a t a su p e rv iso r w o u ld cover th e w hole field, p u re and ap p lied . . . . A su p e rv isio n w ith P h ilip often ran b e y o n d th e sta n d a rd h o u r to tw o h o u rs p lu s, b u t I have n ev er h e a rd th is rese n ted . K in g 's u n d e rg ra d u a te s w h e th e r first class o r th ir d class reg a rd e d them selves as sin g u larly lucky in th e th ir tie s .' H all was in v ited in 1939, n o t for th e first tim e n o r th e last, by H . H asse, w hom he h ad m et in C a m b rid g e in M a rc h 1935, to give a series of lectures on his w ork at th e M a th e m atic a l In s titu te in G o ttin g e n . A m in o r congress took place in Ju n e of th a t year. A n u m b e r of w o rk ers from G e rm a n u n iv ersities c o n trib u te d lectu rers: W . M a g n u s, E. W itt, B. van d er W a erd e n , W . K ru ll, H . W ielan d t, A. S cholz, W . S p e c h t and H . Z assenhaus; O. G rim was also there; b u t th e only o th e r o u tsid e r besides H all to a tte n d w as A. S p eiser fro m Z u ric h . T h e lectures, in clu d in g th e fo u r (14-17) given by H all, w ere su b se q u e n tly p u b lish e d in C re lle 's jo u rn a l. H all sent in his m a n u sc rip ts th ro u g h n e u tra ls, and received his offprints via the Royal Navy after the war. T here was some criticism of his going, but Hall ' bridge U niversity for the duration and went to work at the G overnm ent Code and C ypher School at Bletchley Park. He worked first on Italian cyphers, and after they had become impossible or of limited value he worked on the Japanese diplomatic cyphers, in particular those used by the Japanese military and naval attaches in Europe. T he success that was had against these was of great importance after the autum n of 1943. A knowledge of Japanese was not essential, but Hall taught himself some 1500 characters. He lived with his m other and Ada, who had moved to Little G addesden in 1939; and travelled the 20 miles to Bletchley by motorcycle and train. Ethel rejoined her sisters in 1944 when her husband died.
By 1940 H all's work commanded great respect and admiration; he was recognized as knowing more about groups than anybody else and was thought of as the very successor of Burnside. In 1942 he was elected to the Royal Society. Hall wrote at the time:
'T he aim of my researches has been to a very considerable extent that of extending and completing in certain directions the work of Burnside. I asked Burnside's advice on topics of group-theory which would be w orth investigation & received a post-card in reply containing valuable suggestions as to worth-while problems. This was in 1927 and shortly afterwards Burnside died. I never met him, but he has been the greatest influence on my ways of thinking.'
Burnside had more than group theory in common with Hall; he also was educated at C hrist's Hospital and left as an Exhibitioner after winning the Thom pson Gold Medal; an O bituary Notice appears in the same volume as H all's short note of 1928.
C a m b r i d g e, 1945-82
H all w as released fro m G o v e rn m e n t S ervice at th e e n d o f Ju ly 1945 an d re tu rn e d to K in g 's C ollege. H is m o th e r re tu rn e d to H a m p s te a d , a n d he te n d e d to go u p to L o n d o n for w eek -en d s to see her; w h ic h is how in 1946 he co u ld give a h e lp in g h a n d to A. W . G o ld ie, once a m o n th or so on S u n d a y s, at 8 W ell W alk. D u rin g th e n e x t five years he gave lec tu re s in w h ich he e x p lo re d n o t g ro u p s so m u c h as asp ects of all th e o th e r algebras. H e w as full of v ig o u r a n d b rim m in g w ith ideas. W h e n he w as n o t p re s e n tin g his ow n resu lts, he illu m in a te d o th e r s ' w ith his ow n in te r p re ta tio n , alw ays going fu rth e r th a n th ey h ad gone. S tu d e n ts felt th ey w ere h ea rin g to d ay w h at th e rest of th e w o rld w o u ld only h e a r to m o rro w . P. M . C o h n in th e preface to his Universal Algebra refers to in fo rm a tio n passed on by oral tra d itio n w hile ack n o w led g in g how m u c h th e book ow es to H a ll's 'm o st lu cid a n d s tim u la tin g ' lectu res. In 1949 H a ll talked on U n iv e rsa l A lg eb ra at th e first B ritish M a th e m a tic a l C o llo q u iu m h e ld in M a n ch e ster; a n d w as in v ited to talk at th e In te rn a tio n a l C o n g ress in C a m b rid g e , U .S .A ., in S e p te m b e r 1950, b u t co uld n o t go 'for fam ily re a so n s'.
A lth o u g h after his p ro m o tio n to R e a d e r in A lg eb ra in 1949 H a ll's lectu res w ere aim ed at P a rt I I I stu d e n ts and g rad u a tes, he c o n tin u e d to teach u n d e rg ra d u a te s in K in g 's u n til 1953 w h en he succeeded L . J. M o rd e ll to th e S a d leiria n p ro fe sso rsh ip . A fter 1949 w h e n D . R. T a u n t, D . G . N o rth c o tt a n d D . R ees w ere all a p p o in te d to ju n io r p o sitio n s, th e re w ere alw ays o th e r alg eb raists on th e staff b esides H all. H e w as C h a irm a n of th e F a c u lty B oard for tw o years fro m 1956, and c o n d u c te d its b u sin e ss w ith co u rtesy an d a u th o rity ; he did n o t a p p e ar at all in te re ste d in, or good at, g e ttin g his ow n w ay. W h a t he th o u g h t was alw ays m ad e en tirely clear; th e rest of th e B oard c o u ld agree o r disagree.
In 1955 H all gave lectu res in S t A n d rew s at a C o llo q u iu m of th e E d in b u rg h M a th e m a tic a l Society. In accep tin g th e in v itatio n , he w ro te to W . L . E dge: 'T h e su b je c t I have in m in d is sy m m e tric fu n ctio n s, in relatio n to v arious b ra n c h e s o f th e th e o ry of g ro u p s. I th in k I can find so m e th in g to say on th a t w h ich w ill n o t be too tr ite .' T h e lectu res, far fro m trite , will be d escrib ed later; th ey in c lu d e d an a cco u n t of w h a t are now k n o w n as th e H all algebra and th e H all-L ittle w o o d poly n o m ials. H is ideas are of great im p o rta n c e , for exam ple, in th e re p re se n ta tio n th e o ry of th e sy m m e tric g ro u p . T h e s h o rte r a cco u n t of som e of his resu lts given at the 4 th C an ad ian C o n g ress in B anff in S e p te m b e r 1957 is all th a t H all p u b lish e d on th e su bject. T h e lec tu re s on 'N ilp o te n t g ro u p s ' th a t he gave the m o n th before in E d m o n to n , A lb e rta , w ere p u b lish e d ; th ey have had great influence ever since.
H a ll's m o st im p o rta n t w ork on infinite g ro u p s, b e g u n in 1952 and c o n tin u e d in 1959 and 1961, took th e fo rm of a system atic inv estig atio n of certain finiteness p ro p e rtie s, in clu d in g residual finiteness, w hich given finitely g e n e ra te d so lu b le g ro u p s m ig h t o r m ig h t n o t possess. T h e th re e p a p e rs (18, 27, 30) w ere sem in al. In th e m he in itia te d , fo r ex am p le, th e re p re s e n ta tio n th e o ry of polycyclic g ro u p s, w h ich has d ev elo p ed s trik ingly o v er th e p a st decade.
A lth o u g h H all w as e x cited by th e sp e cta cu la r p ro g re ss m ad e in th e th e o ry o f finite sim p le g ro u p s a n d follow ed it w ith in te re st, he n e v e r took any p u b lic p a rt in its d e v e lo p m e n t, b u t in flu en ced it th ro u g h c o rre sp o n d e n c e w ith J. G . T h o m p s o n , w ho has d e sc rib e d (T h o m p s o n 1984) how e n c o u ra g in g it w as at th e e n d of 1958 to read a le tte r w h ich for th e first tim e p u t h im in to u c h w ith a 're so n a tin g m in d eq u ally aw are of th e tec h n ica l n u a n c e s w h ic h g rip p e d m e '. H all n e v e r d isco v ered a finite sim p le g ro u p , b u t he d id c o n s tru c t a p ro fu sio n of infinite ones. H is u n iv ersa l c o u n ta b le locally finite sim p le g ro u p a p p e are d in 1959; in 1963 he c o n s tru c te d for th e first tim e a n o n -stric tly sim ple g ro u p , and in his last p a p e r, b e g u n in 1968 b u t n o t finished u n til 1972, he p ro v ed very gen eral th e o re m s a b o u t e m b e d d in g g ro u p s in sim ple g ro u p s.
In 1948 his m o th e r an d a u n ts m oved to H isto n , a village som e 3 m iles to th e n o rth of C a m b rid g e w ith in w h at for h im was easy w alking distan ce fro m K in g 's. H all k e p t c o n ta c t w ith his 'D e a r O ld H a m p s te a d ' th ro u g h his co u sin D o ro th y T r ib e u n til h e r d e a th in 1974 (and fo u n d p leasu re in ren e w in g it a few years late r th ro u g h th e d a u g h te r of an e rstw h ile p u p il). H is A u n t A da d ied in 1950, aged 84. F ro m 1958, w h en his su rv iv in g a u n t d ied , he lived in H isto n , fin d in g it difficult to be aw ay except briefly d u rin g th e day; absence for a lo n g er p e rio d re q u ire d D o ro th y to com e and look afte r his m o th e r, and if D o ro th y w as ill o r oth erw ise unavailable, he w as stu ck . T h u s it was th a t he co u ld h a rd ly accept any o f th e in v itatio n s th a t cam e to h im fro m all over th e w orld.
In 1965 H all took a y e a r's sab b atical leave, h o p in g to co n c en tra te on w ritin g as he had done d u rin g 1958, b u t he was u n a b le to do so; his m o th e r co u ld n o t very well be left at all, and in S e p te m b e r th a t year she d ied. T w o years later he retire d .
H e h ad a special affection for G e rm a n y and in 1960 enjoyed a visit to O b erw o lach , even th o u g h 'for fam ily re a so n s' he m anaged only tw o days th ere; he gave a talk in T u b in g e n afte rw a rd s at the in v itatio n of W ielan d t, for w h o m he h ad a hig h reg ard . S om e o f H a ll's p u p ils and th e ir p u p ils w en t to w ork w ith W ie lan d t for th e ir p o st-d o c to ra l years, in clu d in g N . B lack b u rn , R. W . C a rte r, J. S. R ose and J. E. R oseblade; so it was p a rtic u la rly a p p ro p ria te th a t he sh o u ld becom e D r rer. nat. honoris causa in N o v e m b e r 1963 as p a rt of th e c eleb ratio n s of th e c e n ten ary of the F a c u lty of S cience and M a th e m atic s of T u b in g e n U n iv ersity . H e w en t to O berw o lfach once m ore, in 1973.
In 1969 H all fo u n d a su b ject 'as in ex h au stib le as m ath em atics and m u ch m o re re s tfu l'. T h e fact of his m o th e r living to be 93 gave him an initial im p e tu s to stu d y longevity; a n o th e r stim u lu s cam e from a p ap er D u rin g his long re tire m e n t he lived alone at H isto n , as alw ays c arin g n o th in g for h o t w a te r or c e n tral h e a tin g , w h ic h he th o u g h t u n h e a lth y . H e rem a in e d as stu d io u s as ever, b u t a p a rt fro m in te rm itte n t w ork on his last p ap er, seldom th o u g h t a b o u t g ro u p s. H e gave u p rad io an d television, b u t rem a in e d well in fo rm ed . H is a ttitu d e to a u th o rity w as irre v e re n t an d he was sceptical of th e value th o se in p o sitio n s o f p o w er or influence p u t on them selves; one of his reg re ts was n o t h av in g com e across Private Eye sooner. H e saw little of K in g 's a fter re lin q u ish in g his ro o m s in 1970, an d did n o t care for th e changes tak in g place th ere; b u t he d e lig h te d his su rv iv in g frien d s by going to a d in n e r p a rty to m ark his a n d G . R y la n d s 's c o m p le tio n of 50 years as F ellow s. F o rtu n a te ly som e o f his y o u n g e r frie n d s rem a in e d in C a m b rid g e an d w ith th e ir c h ild re n fo rm e d a so rt of fam ily for h im . H e also ren ew ed w ith e v id e n t p leasu re som e of th e frie n d sh ip s w h ich h ad lapsed over th e years.
H e died fro m p n e u m o n ia in A d d e n b ro o k e 's H o sp ita l, follow ing a stroke, at th e en d o f 1982.
H all h ad an u n u su a lly w ide range of in te re sts and his know ledge was encyclopaedic. A t K in g 's, th is m ad e h im for m an y years a re d o u b ta b le F ellow ship E lector: he w as qualified to ex p ress an o p in io n on alm ost any subject, in th e sciences o r in th e h u m an itie s. B u t it was n o t only this: his p erso n ality e sta b lish e d h im in a leading po sitio n . H e rarely spoke; w h en he did it was decisive. H e once, re lu c ta n tly b u t as alw ays tru th fu lly , spoke against th e claim s of a m a th e m a tic ia n saying th a t his axiom s w ere 'som ew hat too rea so n a b le '; he gave a positive w elcom e to a d v e n tu ro u s ness, and secu red th e election o f one c a n d id a te by refe rrin g to his 'alm ost rep ellen t o rig in a lity '.
H all was liberal in his h o sp ita lity to visitors, w h o m he w ould p u t u p e ith e r in T h e B ull ju s t n ex t to K in g 's or, w h en th a t h a d gone, in T h e G a rd e n H o u se overlooking th e river, and w hose bills he w ould pay before they could object. W hile he lived in college he fre q u e n tly in v ited young frie n d s to d in n e r in his ro o m s or at a hotel; he also en jo y ed ev en in g s w ith th e m at th e th e a tre o r cin em a. S u p e rv isio n s w ith rese a rc h s tu d e n ts w o u ld m o re o fte n th a n n o t involve lu n c h at a re s ta u ra n t su ch as T h e B ath. H e m ad e g e n e ro u s in d iv id u a l gifts; a n d c o n trib u te d , h a n d so m e ly an d a n o n y m o u sly , to h a rd s h ip fu n d s in b o th K in g 's an d Je su s C olleges. P a rtic u la r c h a ritie s, like th e N a tio n a l C h ild re n 's H o m e a n d th e M an sfield H o u se S e ttle m e n t, also b e n e fite d fro m his im p u lse to give, b u t c o n trib u tin g to som e o f th e o th e rs, like fu n d s fo r saving c e rta in anim al species th a t he believ ed w o u ld in ev ita b ly b eco m e e x tin c t, he th o u g h t a w aste o f m oney. H all w as p e ssim istic too a b o u t th e p ro sp e c ts for th e h u m a n race; he foresaw o nly slow decline.
H e w as m o st g en e ro u s w ith his ideas and very m o d e st in claim in g any c re d it fo r th e m . N . B la c k b u rn has w ritte n : 'E v ery tim e I see a le c tu re r so lem n ly w ritin g his ow n n a m e on th e b lac k b o a rd as a d isc o v e rer of so m e th in g , I th in k of P h ilip H all, w hose lec tu re s c o n sisted very largely of h is ow n disco v eries b u t w ho n e v e r once m e n tio n e d th a t fact. H e stu ck to th e m a th e m a tic s a n d m ad e th a t as in te re s tin g as he c o u ld .' A n d yet he h ad a p ro p e r re g a rd fo r his ow n sta n d in g in alg eb ra and w as p re p a re d , at least in p riv a te , to refe r to c e rta in o th e r m a th e m a tic ia n s w hose re p u ta tio n s he th o u g h t u n ju stified as 'p re tty d im '. H is s tu d e n ts loved h im and he th em . W ritin g so lu cid ly and elegantly him self, he m u st have fo u n d p ain fu l m u c h of w h a t th ey first w rote; b u t w h e n e v e r he h ad s tro n g c ritic ism to m ake of th e ir w ork, he alw ays fo u n d a w ay to soften th e blow and n ev er failed to su g g est effective im p ro v e m e n ts. N o r did he ab a n d o n th e m w hen th ey h ad c o m p le te d th e ir d isse rta tio n s; he w ro te th em h elp fu l and stim u la tin g lette rs, often very long and alw ays by h an d . (H e was n o t alw ays so h e lp fu l to o th ers w ith w h o m he w as in serious d isag reem en t.) N o t all of his stu d e n ts d id g ro u p th eo ry , for he was co m fo rtab le in a m u ch b ro a d e r b a n d o f m ath e m a tic s th a n his p u b lic a tio n s m ig h t suggest, and som e of th e m m ig ra te d to o th e r b ran c h e s o f algebra. H all n ev er w ro te a book him self, b u t m an y of his ideas have b een p ro p ag a ted th ro u g h o u t the w o rld of m ath e m a tic s by th o se o f his frie n d s and p u p ils.
H all was n o t g reg ario u s, and cared little for large g a th e rin g s o r form al occasions; he w as re tic e n t ra th e r th a n shy. W h e n he was w ith frien d s he w as th e b e st co m p an y in th e w orld. Som e will re m e m b e r h im b est for extensive, b u t d isc rim in a tin g , love of p o e try , w hich he spoke b eau tifu lly , n o t only in E nglish; D a n te was a love of his for over 50 years; his learn in g Jap an ese m ig h t ju s t as well have b een to read poem s in it as for any reason to do w ith cyphers; th e re was a tim e in th e 1970s w hen he lea rn t a so n n et a day, a d m ittin g it to be easier if you lived alone. O th e rs will p refe r to recall his en jo y m en t of m u sic and art, or his love of flow ers and c o u n try walks. H e cou ld m eet anyone on th e ir ow n g ro u n d and find so m eth in g to in te rest th em . If h elp was needed, he gave it. H e was a w o n d erfu l person: gentle, am used, kind, and the soul of in teg rity . In th ese essays, w hich d escrib e th e p re se n t state o f kno w led g e in areas w h ere H all m ad e significant c o n trib u tio n s, H a ll's influence on alg eb ra is allow ed to speak for itself. H all left a large collection o f m a n u s c rip t p a p e rs w h ich still have to be p ro p e rly so rte d and assessed; ex cep t in reg a rd to sy m m e tric fu n c tio n s no a cco u n t has b een tak en o f these.
Finite groups (J. G . T .)
F o llo w in g an initial scep ticism , B u rn sid e w as w on over to th e th e o ry of c h aracters d eveloped by F ro b e n iu s. H e b ecam e an advocate of re p re s e n ta tio n th eo ry and its a d ju n c t c h a ra c te r th eo ry , n o t least th ro u g h his p ro o f th a t all g ro u p s of o rd er/)" qb are soluble. By th e early years of th is c e n tu ry , re p re se n ta tio n th eo ry h ad rec o rd e d several triu m p h s a n d was well placed to claim th e u n d iv id e d a tte n tio n of asp irin g g ro u p th eo rists. T h a t H all w as aw are of th ese d e v e lo p m en ts and of th e ir p o te n tia l is am ply d e m o n stra te d in b o th his p u b lish e d a n d u n p u b lis h e d w ork. T h e u n iq u e im p rin t th a t he has left on finite g ro u p s can be d isc e rn ed m o st easily by tra c in g th e influence of B u rn sid e on H all, alth o u g h th is involves tak in g certain lib erties w ith th e ch ronology.
B u rn sid e p ro v ed th a t if Gi s a finite g ro u p , is a n o rm a Sylow />-subgroup P o f G, and
Qi s a Syl co n tain s Sa s a n o n -n o rm a l su b g ro u p , th e n for som e e le m en t x o f w ho o rd e r is p rim e to p, th ere is a su b g ro u p T w ith <= <= n o rm alizes T b u t n o t S . T h is resu lt leads am ong o th e r places to th e n o tio n of />-norm ality and to th e tra n sfe r th eo re m s of G rim and W ie lan d t, cu lm in a tin g in the H all tra n sfe r th eo re m , th e b e st resu lt yet p ro v ed ab o u t th e tra n sfe r m ap.
T r a n s f e r th e o re m s a tte m p t to d e scrib e w h e re is a Sylow /> -subgroup o f G a n d G p = [G, G ] -G p. F ro b e n iu s p ro v e d a n d e x p lo ite d th e re su lt th a t th is s u b g ro u p o f P is g e n e ra te d by P p, to g e th e r w ith th e ratio s x y ~ 1 o f e le m e n ts o f P th a t are c o n ju g a te in G. H all show ed th a t th e su b g ro u p in q u e stio n is g e n e ra te d b y P n N p, w h e re N is th e n o rm a liz e r of P in G , to g e th e r w ith c e rta in e le m en ts o f P of th e fo rm [u,z, . . . , z ] B u rn sid e reco g n ized th e im p o rta n c e of th e tra n s fe r m ap , a n d he sh o w ed th a t if a S ylow /)-s u b g ro u p o f G is c o n ta in ed in th e c e n tre o f its n o rm a liz e r, th e n G has a n o rm a l ^-c o m p le m e n t. B u rn sid e also n o tic e d , as d id F ro b e n iu s , th a t if p is th e sm allest p rim e th a t d iv id es th e o rd e r o f G, a n d if th e S ylow ^-s u b g ro u p s of G are cyclic, th e n th e p re c e d in g resu lt m ay b e ap p lied . R e su lts o f th is so rt are p ro v o cativ e an d n o t w ith o u t in te re st. T h e y c a n n o t, ho w ev er, be said to p ro v id e a th eo ry . H a ll's c h a ra c te riz a tio n of finite so lu b le g ro u p s as p recisely th o se finite g ro u p s th a t c o n ta in S y lo w p -c o m p le m e n ts for every p rim e /) succeeds in crossing th e line se p a ra tin g iso lated re su lts fro m a g eneral fram ew o rk . T h e th eo ry im p lic it in th is c h a ra c te riz a tio n has led to m u c h research a n d has n o t yet ru n its co u rse. B u rn s id e 's influence on H all is a p p a re n t, too, in th e th eo ry o f/)-g ro u p s. B u rn sid e show ed th a t a g ro u p of o rd e r p n has a n o rm a l A b elian su b g ro u p o f o rd e r/)" , p ro v id e d th a t \ a ( a -1 ) < n .He also d e te rm all th e /)-g ro u p s th a t have a cyclic su b g ro u p o f in dex p. In referen ce 4, these and sim ilar resu lts becam e single facets of a g eneral th eo ry of pg ro u p s, alread y m e n tio n e d , and general p rin c ip le s relatin g p o w er m aps and c o m m u ta tio n to th e lattice of su b g ro u p s w ere laid dow n. T h e ability to ex p lo it g eneral p ro p e rtie s o f th e c o m m u ta to r calculus served H all well, a n d w as n e e d ed , to m e n tio n one case only, in th e p ro o f of his tra n sfe r th eo re m . Still later, H all d iscovered an exact analogue for g ro u p s of th e Jaco b i id e n tity for L ie algebras, nam ely, in H a ll's n o ta tio n w hich has becom e w idely accep ted ,
a relatio n valid in all g ro u p s. T h e well k n ow n B u rn sid e p ro b le m also influenced H all. T h e c o m m u ta to r collection fo rm u la of H all p ro v id e d a g lim m er o f hope th a t an attack could be m ad e on th e B u rn sid e p ro b le m for g ro u p s of p rim e ex p o n en t, and in his P re sid e n tia l A d d ress to th e L o n d o n M a th e m atic a l Society in 1957, he closed w ith an allusion to th e B u rn sid e p ro b le m and Engel groups: 'In spite of, o r p e rh a p s because of, th e ir relatively co n crete and p a rtic u la r c h aracter, th ey ap p ear, to m e at least, to offer an am iable altern ativ e to th e ever p o p u la r p u rs u it of a b s tra c tio n .' A w are th a t th e B u rn sid e p ro b le m m ig h t have a n egative so lu tio n , as in d ee d it does (N ovikov & A d y an 1968), H all & H ig m a n (21) took care to prove a n u m b e r of resu lts related to, b u t in d e p e n d e n t of, th e B u rn sid e p ro b le m . T h e y rem a rk e d in p assin g th a t 'th e o rd e r of th e g rea test tw og e n e ra to r g ro u p of e x p o n e n t 15 w ith m eta b elian Sylow s u b g ro u p s is 29,93418,37570,31251.^5,68225) T h e y also p ro v ed th a t th e re stric te d B u rn sid e p ro b le m for g ro u p s of e x p o n e n t 6 has a po sitiv e so lu tio n , an d th a t the largest ^-g e n e ra to r finite g ro u p o f e x p o n e n t 6 has o rd e r 2a -3ft + (5) + (5)) w h ere a =
+ ( k -l ) ■ 3k + (^) + ^) , b + {
h e lp fu l to M . H all in his p ro o f th a t th e B u rn sid e p ro b le m for g ro u p s of ex p o n e n t 6 has a positive so lu tio n . T h e m ain reaso n th a t H all & H ig m a n w ere able to o b tain so casually such d a u n tin g ly precise resu lts stem s from th e m a n n e r w ith w h ich th e earlier resu lts in this p a p e r w ere org an ized .
T h e stu d y o fp -s o lu b le g ro u p s leads to re p re se n ta tio n th eo ry . In th e sp irit of M a cM a h o n , th ey show th a t, in th e critical case to w h ich th ey have been led, th e Jo rd a n canonical fo rm of ce rtain p -e le m e n ts is ex plicitly d e te r m in ed . A p ro o f w ith th e use of th e G re e n c o rre sp o n d en c e can be given, b u t th e su re -fo o te d n e ss of th e ir a rg u m e n t is ev id en t. T h e p a th leads to g ro u p s of th e fo rm G = QP, w here Q is n o rm a l a n d an ex trasp ecial qg ro u p , w hile Pi s a p -g ro u p acting triv ially on th e ce n tre of Q, fai and irre d u c ib ly on th e cen tral q u o tie n t of Q. In th is situ a tio n one need s to stu d y th e ab so lu tely irre d u c ib le & G -m odules on w hich G acts faith fu lly , w here ki s a field of c h a ra c te ristic p. T h a t the essence of th e difficulty lies here is in itself a m ajo r c o n trib u tio n to th e th e o ry of g ro u p s. T h a t the difficulty was com p letely su rm o u n te d estab lish ed th is p a p e r as a lan d m ark .
H a ll's first co n tact w ith ex trasp ecial g ro u p s was already m ad e by th e tim e he s u b m itte d his 1926 essay 'T h e Iso m o rp h ism s of A belian G r o u p s '. T h e w o rd 'A b e lia n ' of the title refers to su b g ro u p s of G L(n, C) w hose c o m m u ta to r su b g ro u p consists of scalar m atrices, th a t is, it refers to A belian su b g ro u p s of P G L (n, C). In th is essay, H all expresses an in d eb te d n ess to th e p a p e r of S tu d y (1912).
T h e essay also c o n tain s references to S p e ise r's book, to the p a p e r of S corza (1909), to th a t of S ch o ttk y (1903) and to B u rn sid e. A lth o u g h th e essay is in co m p lete, it contains a p ro o f th a t a p -g ro u p of o rd e r exceeding p in w hich every c h aracteristic A belian su b g ro u p is of o rd e r at m o st is a cen tral p ro d u c t of n o n -A b e lia n g ro u p s of o rd e r p 3 (such a g ro u p was S tu d y ). M o reo v er, H all show ed th a t w h e n /) = 2 the iso m o rp h ism ty p e of an extraspecial g ro u p of a given o rd e r d e p e n d s only on th e p a rity of the n u m b e r of factors th a t are q u a te rn io n g ro u p s. As already m en tio n e d , the essay show s signs of h aving b een w ritte n in haste, and suffers from unw ise use of the w o rd 'o b v io u s', a tra it com m on to th e young, b u t n ot alw ays confined th ere. It is a tra it th a t H all did no t retain.
H a ll's p a p e r (13) b e g in s w ith th ese w ords:
'L e t pb e a given p rim e . T h e o b ject of th is n o te is to p ro v e th e follow ing ra th e r c u rio u s resu lt.
' The sum o f the reciprocals o f the orders o f all the Abelian groups of order a power o f p is equal to the sum o f the reciprocals o f the orders o f their groups o f automorphisms
T h e r e is n o th in g of B u rn sid e h e re , a n d a lth o u g h th e p a p e r refers to M a c M a h o n , one is scarcely e n title d to a ttrib u te any p a rtic u la r influence of th a t rem a rk 
n is p n/fn(p). T h u s
E u le r's id e n titie s are given a g ro u p -th e o re tic in te rp re ta tio n . A c o n n ectio n b e tw e en th is resu lt and th e H all algebra is m e n tio n e d in th e essay by M a cd o n a ld (1984) . H av in g d isco v ered reg u la r ^-g ro u p s and h aving p ro v ed a n u m b e r of th e o re m s a b o u t th e m , H all fo u n d an o p p o rtu n ity to use th em in e x te n d in g a th e o re m of F ro b e n iu s co n c ern in g so lu tio n s of e q u atio n s in finite g ro u p s. H all w rites, 'T h e crucial resu lt of th e p rese n t p a p e r is an im p ro v ed c rite rio n of re g u la rity ' (reference 5, p. 472). T h e rem ark ab le th in g a b o u t th is assertio n is th e h id d e n w ay in w h ich reg u larity e n te rs the a rg u m e n ts. N e ith e r F ro b e n iu s 's original th eo re m n o r th e im p ro v e m e n t of it w hich H all fo u n d req u ires any reference to reg u larity , and it m ay be guessed th a t only th e serious s tu d e n t of £ -g ro u p th eo ry can savour the a rg u m e n ts in th is tig h tly reasoned pap er. In any case, th e 'im p ro v ed criterio n of re g u la rity ' is th e follow ing: 'G is regular whenever the order of G /O x is less than p p\ H ere G is a p -g ro u p and ( = ) is th e su b g ro u p g en erated by th e p th pow ers of all elem ents of G. F ro m this resu lt, H all ded u ces d etailed in fo rm a tio n a b o u t the n u m b e r of elem en ts X in an a rb itra ry g ro u p G for w hich / = g = . . . = 1, w h e r e /, X , A t , A 2, . . . , Xi s an u n k n o w n and A lf A 2, . . . are elem ents of G. T h e th eo re m of F ro b e n iu s w hich th is w ork generalizes is the one a b o u t the n u m b e r of so lutions of the eq u atio n A" in a finite g ro u p G, and 1 n a -* ")
w h ere nn is th e n u m b e r of p a rtitio n s o f n and /"(*) = ( ! -* ) (l-x 2)...(l-*").
w h ich F ro b e n iu s, n o t n o te d for o v e rsta tin g th e case, called a 'F u nd a m e n talsa tz d e r G r u p p e n th e o r ie '. T h e ideas in th ese p a p e rs of F ro b e n iu s an d H all are still n o t fully e x p lo re d , n o r is th e ir relevance to o th e r q u e stio n s u n d e rsto o d . J u s t as H all u sed reg u la r p -g ro u p s as a tool in referen ce 5, so he also used an e n u m e ra tio n p rin c ip le in referen ce 8. It is to be n o te d th a t reg u la r p -g ro u p s and th e e n u m e ra tio n p rin c ip le first a p p e a r in referen ce 4. In referen ce 8, it w as n ecessary to e x te n d th e e n u m e ra tio n p rin c ip le fro m ^-g ro u p s to a rb itra ry finite g ro u p s, and th e E u le ria n fu n c tio n s </>", w h ich H all tack led h e a d -o n , becam e, in c e rtain cases, am en ab le to calcu latio n . T h e defin itio n o f </>"(G) is stra ig h tfo rw a rd : 0"(G ) is th e n u m b e r of o rd e re d n -tu p le s ( X ly . ..
,X n
) of e le m en ts o f G such th a { X lf . . . , X n}. T h e calcu latio n o f (j)n(G) is n o t stra ig h tfo rw a rd , a n d has 
Ha(H) = X ( -l ) ' vt(H).
k w h ere vk(H ) is th e n u m b e r of sets of k m axim al su b g ro u p s o f G w hose in te rse c tio n is H . F ro m th is d e sc rip tio n o f p G, it is n o t s u rp risin g th a t its explicit d e te rm in a tio n in any given case sh o u ld be difficult. B ut, as H all says, 'T h e essential step is alw ays th e calcu latio n o f th e M o b iu s fu n ctio n g G. . . ' . O ne of th e ch a rm s of th is p a p e r is th e w ay in w h ich is d e te rm in e d w h en G = L 2(p), and p is any p rim e . T h e value of th e p a p e r lies, how ever, n o t so m u c h in th e p a rtic u la r calcu latio n s ca rrie d o u t so e x p ed itio u sly , b u t ra th e r in h av in g set u p th e fram ew o rk in te rm s of w h ich (ftn m u st be stu d ie d , if it is to be stu d ie d at all. T h e fu n ctio n s (j)n an d p G are in ex tricab ly in te rtw in e d , and so p ro p e rtie s of (f)n are n o t easy to o b tain .
T h e resu lt o b tain e d by H all in referen ce 6 is now p a rt of th e folklore, k n ow n as th e m arriag e th eo re m . It is o f a p u rely co m b in a to ria l n a tu re , a lth o u g h it w as m o tiv ate d by g ro u p -th e o re tic c o n sid eratio n s. H all was definitely n o t a p o p u larize r, and it is b est to let his style speak for itself:
'G iv e n any set S a n d any finite system o f su b sets of S:
(1) Ti, T 2 ,..., Tm:
we are co n cern ed w ith th e q u e stio n of th e existence of a complete set of distinct representatives for th e system (1); for sh o rt, a C .D .R . of (1).
'By th is w e m ea n a set of m distinct e le m e n ts of (2) ^2> • • • , su ch th a t (3) at E T i (at b elo n g s to T t) fo r each f = 1, 2, W e m ay say, at represents T t.
'I t is n o t n ecessary th a t th e sets T, shall be finite, n o r th a t th ey sh o u ld be d istin c t fro m one a n o th e r. A c c o rd in g ly , w h e n w e speak o f a sy ste m o f k of th e sets (1), it is u n d e rs to o d th a t k fo rm a lly d istin c t sets are m e a n t, n o t necessarily k d istin c t sets.
'I t is o b v io u s th a t, if a C .D .R . of (1) does exist, th e n any k o f th e sets (1) m u s t c o n ta in b e tw e en th e m at least k e le m en ts of F o r o th erw ise it w o u ld be im p o ssib le to find d istin c t re p re se n ta tiv e s for th o se k sets.
'O u r m ain re su lt is to show th a t th is ob v io u sly n ecessary c o n d itio n is also sufficient. T h a t is A lth o u g h th e p a p e r deals exclusively w ith H all su b g ro u p s of a finite g ro u p , H all d id n o t use th is te rm . W h a t is gen erally called a H all nsu b g ro u p of G was called a ^-s u b g r o u p of G by H all. T h e re is a to rre n t of th e o re m s in th is p a p e r, w h ich are p ro v ed , for th e m o st p a rt, by a p p e alin g to a c e n tral th em e . As H all p u ts it, 'T h e p rin c ip al th e o re m of th e p re s e n t p a p e r is T h e term in o lo g y h ere is co m p act. A g ro u p G satisfies E?n if contains a n ilp o te n t H all 7Z>subgroup, and satisfies D s n if it co n tain s a soluble H all 71-su b g ro u p H w ith th e p ro p e rty th a t every 7t-subgroup of G is co n tain ed in a co n ju g ate of H . T h e resu lts in th is p a p e r p re se n t in concise form the m o st d etailed in fo rm a tio n a b o u t H all su b g ro u p s of finite g ro u p s th a t can be p ro v ed w ith o u t a d ire c t assault on the s tru c tu re of sim ple g ro u p s. Even so, H all o b tain s all th e soluble H all su b g ro u p s of the sy m m etric groups: 'L e t Z n be th e sy m m etric g ro u p of o rd e r n\ and let ^ w here p and q are p rim es. T h e n Z n satisifes Ep q only w hen 2, = 3, and n = 3 ,4 , 5, 7, or 8. F o r n = 5 ,7 , and 8, I n satisifes >3 b u t n o t Z)2 3.' A p red ecesso r of th is p a p e r is W ie la n d t's th e o re m th a t E n n im plies D n.
H all appeals to B u rn sid e and notes th a t it is no t possible to extend W ie la n d t's th eo re m by relaxing the n ilp o ten cy h y p o th esis to su p e rso lu bility; the g ro u p s L 2(/>) pro v id e c o u n terex am p les. fu n c tio n s w ith ra tio n a l in te g ra l coefficients* in a d e n u m e ra b le set of in d e p e n d e n t v a ria b le s x lyx 2, ...;
or M ', § 2). T h e e le m e n ta ry s y m m e tric fu n c tio n s . . . freely g e n e ra te A as c o m m u ta tiv e ring; th e c o m p le te (h o m o g en eo u s) sy m m e tric fu n c tio n s h ly h 2, ...form a n o th e r su ch free g e n e ra tin g set, a fact th a t follow s (1 -m") for n^ 1, and f 0(u) = 1. T h e se a p p e ar w hen one specializes su itab ly th e variables x ly x 2, ■ .. in en and hn (see M , p. 18). H all m en tio n s th re e co n tex ts in w h ich th e gr s arise n a tu ra lly .
(i) T h e coefficient of uk in gr^s(u) is th e n u m b e r of p a rtitio n s of k w hich are 's u b o rd in a te ' to th e p a rtitio n sr (a p a rtitio n 2 p a rtitio n p if i = 1, 2,...). T h is show s, in p a rtic u la r, t coefficients of gr^s(u) are n o n -n eg a tiv e integers.
(ii) P u t u -qy th e n u m b e r of e lem en ts of a finite field / = GF(q). T h e n gr s(q) is th e n u m b e r of subspaces of d im e n sio n r, in a /-s p a c e L n(q) of d im en sio n n = r + s. E q u iv alen tly , it is th e n u m b e r of p o in ts (H all uses the nice te rm 'p o p u la tio n ') of the G ra ssm a n n ia n over / . (iii) E h re sm a n n show ed in 1934 th a t th e P oincare polynom ial of the com pact m anifold G r S(C) is gr^s( t2); th a t is, th a t the rath B etti n u m b e r bm of th is m an ifo ld is zero if m is o d d , w hile h2k is p recisely th e n u m b e r of p a rtitio n s of k d e sc rib e d in (i).
H all rem a rk s th a t th e re are o th e r cases w h e re th e c o rre sp o n d e n c e b e tw e en th e 'fin ite ' g e o m e try a n d th e g e o m e try over th e co m p lex field is exactly as in th e case of th e G ra ssm a n n ia n s. (T h e se are all special cases of th e 'W eil c o n je c tu re s ', w h ic h w ere p u b lis h e d in 1949 (see H a rts h o rn e 1977). I t is n o t clear w h e th e r H a ll knew o f th ese c o n je c tu re s in 1955.) As g e n eralizatio n of (i) a n d (ii) above, H all p ro v es th e follow ing resu lt: fo r any partition X, the population h f finite fie ld # = GF(q) is a polynomial in q j o r which the coefficient of qk is the number of partitions o f kwhich are subordinate to X.
L e c tu re 2 e n d s w ith tw o p ro o fs of th e fact th a t th e n u m b e r of n ilp o te n t n x n m atric e s ov er GF(q) is T h e second o f th ese p ro o fs uses th e b e a u tifu l id e n tity w here th e m ain su m is over all p a rtitio n s of n.
L e c tu re 3 deals w ith som e n u m erica l in v arian ts of a finite g ro u p G, p a rtic u la rly th e n u m b e r wd(G) o f e lem en ts x in G th a t satisfy 1. H e re dis a given p ositive in teg er, w h ich we m ay assum e is a d iv iso r o f th e o rd e r g of G. A fam ous th e o re m of F ro b e n iu s says th a t th e n d divides wd (G) . H all gives som e d etailed d iv isib ility p ro p e rtie s of wd(G) in th e case G = S n, th e sy m m e tric g ro u p on n sym bols. T h e s e rest on th e follow ing g e n e ra tin g fu n ctio n for wd( S n) , w h ic h com es fro m th e m etric fu n ctio n s by a su itab le sp ecialization of th e variables:
H all co n je c tu re s en passant th a t if a finite g ro u p G has a s u b g ro u p H all of w hose elem en ts are dth ro o ts of u n ity , th e n wd(G) sh o u ld be divisible 'by so m e th in g a p p ro a c h in g ' th e o rd e r of H , a n d . . . < G" = G in w h ich each factor G i+ lIGi is cyclic. All finitely g e n e ra te d n ilp o te n t g ro u p s are polycyclic. T h e re are few th e o re m s o r a rg u m e n ts in th e re p re se n ta tio n th eo ry of polycyclic g ro u p s th a t do n o t have th e ir orig in in H a ll's th re e p ap ers (18, 27, 30) on finitely g e n e ra te d soluble g ro u p s and finiteness co n d itio n s. In th e first, H all c h a ra c te riz e d polycyclic g ro u p s as th e soluble g ro u p s w hose in teg ral g ro u p rin g s satisfy th e m a x im u m c o n d itio n on rig h t ideals. In p a rt th is reflects th e fact th a t if G is e x p ressib le as K ( x y w ith K no rm al in G, th e n Z G is akin to a poly n o m ial rin g over J.K.
O ne corollary is th a t a finitely g e n e ra te d g ro u p T w ith an A b elian n o rm a l su b g ro u p M and polycyclic q u o tie n t g ro u p G = r / M has M ax -« , th e m ax im u m c o n d itio n for n o rm a l su b g ro u p s; th is follow s because, as H all p ro v ed , polycyclic g ro u p s are finitely related so th a t M is finitely g e n erated as a Z G -m o d u le . H e raised the q u e stio n of w hich soluble g ro u p s are finitely related , by asking w h e th e r every finitely related soluble g ro u p has M ax-w. H . A bels (1979) show ed th a t th is is n o t so; b u t the general q u e stio n is still b ein g vigorously inv estig ated . S ignificant resu lts have b een o b tain e d by R. B ieri and R. S treb el, w h ich are discussed w ith m an y o th ers in th e essay by S tre b e l (1984) .
A n o th e r corollary o f th e m ain resu lt of reference 18 is th a t th ere is only a co u n tab le n u m b e r of finitely g e n e ra te d g ro u p s th a t have som e te rm of th e ir low er cen tral series A belian. T h is is in m ark e d c o n tra st w ith th e 2-g e n e ra to r g ro u p s w ith a m etab elian g ro u p of in n e r a u to m o rp h ism s. H all show ed th a t th ere w ere u n c o u n ta b ly m an y such g ro u p s H w ith ce n tre any given n o n -triv ia l c o u n ta b le A belian g ro u p C. H e related this to a p a rtic u la r dich o to m y of the set ^ o f all c o m m u ta to r w ords. T h e sam e d ich o to m y is e x h ib ite d in relatio n to residual finiteness: in reference 27 H all show s th a t every finitely g en erated A belian by n ilp o te n t g ro u p is resid u a lly finite. O n th e o th e r h a n d H c a n n o t be resid u a lly finite if C is div isib le.
T h e a rg u m e n ts in refe re n c e 27 are m u c h s u b tle r th a n in th o se in referen ce 18 a n d rest on a carefu l analysis of finitely g e n e ra te (1981, 1982a, b) .
T h e F ra ttin i su b g ro u p < Po f a finitely g e n e ra te d soluble g r p ro v ed to be n ilp o te n t by H irsc h (1954) and Ito (1953) if F is polycyclic, and by H all h im se lf in referen ce 27 if F is m etab elian . In reference 30 H all gave th e first exam ple of such a F w here < P is n o t n ilp o te n t, p ro v ed m ore extensive th e o re m s and d iscussed the c o rre sp o n d in g dich o to m ies of . The m o st im p o rta n t resu lt was th a t < P is still n ilp o te n t w hen F has som e m e m b e r, M say, of its low er cen tral series n ilp o ten t; and th e crucial case was w h en M was A belian. H all first n o ted (in th is case) th a t the residual finiteness o f all th e q u o tie n ts g ro u p s of F to g e th e r w ith the original resu lt of F ra ttin i (1885) show ed th a t cen tralized every ch ief factor of F ; and th e n co n sid ered th e elem en ts of G = F /M th a t acted triv ially on every irre d u cib le q u o tie n t m o d u le M 1 o f M . T h e resu lt on w h ich all else hinges is th a t if ^ is a cen tral elem en t of Z G th a t an n ihilates every such M 1( th e n som e p o w er of 0 an n ih ilates M . J u s t as th e finiteness of th e irre d u cib le m o d u le s in reference 27 is a 'w eak' N u llstellen satz, so th is resu lt is a 's tro n g ' one. H all rem a rk e d th a t th e classical p ro o f of the N u llste lle n sa tz by R abinow icz (1929) can be taken over w ith o u t m o d ify in g the essential idea. R oseblade (1973) pro v ed th a t is n ilp o te n t if F is A belian by polycyclic. A n acco u n t of som e of the rin g th eo ry th a t developed fro m H a ll's w ork can be fo u n d in D . S. P a ssm a n 's book The algebraic structure of groups r i n g s , and som e of the m o st recen t in essay.
In a n o th e r d ire c tio n , A. I. M a l'cev show ed th a t every soluble su b g ro u p of GL"(Z) is polycyclic. T h is ap p eared first in R ussian in 1951 and in tra n sla tio n five years later. In th e E d m o n to n N o te s, H all b eg an th e task of p ro v in g th e converse: he show ed th a t every finitely g e n e ra te d n ilp o te n t g ro u p can be e m b e d d e d in G L"(Z) for som e n\ a n d A u sla n d e r (1967) an d S w an (1967) c o m p le te d it. I t is significant th a t th e im p e tu s for p ro v in g th e converse cam e fro m H a ll's C a n a d ia n lectu res.
Stability groups
K a lo u jn in e (1950) in tro d u c e d th e sta b ility g ro u p of a c h ain 1 = . . . ^G " = G an d p ro v e d it n ilp o te n t if th e G, are all n o rm a l in G; H all p ro v ed it n ilp o te n t in g en eral, first in th e E d m o n to n N o te s a n d th e n in referen ce 25. A s u b g ro u p of A u t (G ) is c o n ta in e d in the stab ility g ro u p of som e finite ch ain if a n d only if is a s u b n o rm a l su b g ro u p of th e sp lit e x ten sio n of G by H; and th is c o n n e ctio n e x te n d s to one b e tw e en a sce n d a n t a n d d e sce n d a n t s u b g ro u p s a n d sta b ility g ro u p s of ascen d in g and d esce n d in g series. T h e ra th e r basic area of g ro u p th eo ry th a t e m b races these to p ics w as ex tensively s tu d ie d by H all a n d his stu d e n ts after 1959, b u t all th a t H all p u b lish e d was in his jo in t p a p e r (35) w ith B. H a rtle y . T h e y p ro v ed th a t a sta b ility g ro u p of an ascen d in g series has a d e sce n d in g h y p e rc e n tra l series; and th a t a finitely g e n e ra te d g ro u p can faith fu lly stabilize an ascen d in g series if an d only if it is resid u ally n ilp o te n t. T h e y ap p lied a collecting process to free p ro d u c ts to pro v e th a t any g ro u p K is d e sc e n d a n t in K * K , and h en ce th a t any g ro u p can faith fu lly stabilize a d e sce n d in g series of som e g ro u p . S om e p ro g re ss was m ade w ith th e difficult q u e stio n o f w h at g ro u p s can faith fu lly stabilize a d e sce n d in g in v arian t series, b u t it was left u n reso lv ed . T h is is c o n n e cte d w ith th e class, X say, of g ro u p s G w h ich are d e sc e n d a n t in th e w re a th p ro d u c t At G for every A b elian g ro u p A . H all and p ro v ed th a t a g ro u p th a t has a d e sce n d in g series w ith infinite cyclic factors belongs to X. T h e stu d y of ^-g r o u p s is closely co n n e cte d w ith th a t of pow ers of a u g m e n ta tio n ideals a n d of w h en som e (tran sfin ite) p o w er is zero. T h is has received m u ch a tte n tio n since 1966, n o tab ly fro m H a rtle y and his follow ers. M a n y of th e m e th o d s u ltim a tely d e p e n d on the c o n stru c tio n given by H all in C h a p te r 7 of th e E d m o n to n N o te s and used by h im to prove th e th e o re m o f J e n n in g s (1955) on d im e n sio n su b g ro u p s. In th is co n n ectio n , too, th e d iscu ssio n given by H all in his P re sid e n tia l A d d ress to th e L o n d o n M a th e m atic a l S ociety (26) of basic seq u en ces in L ie rin g s a n d collecting processes in g ro u p s has p ro v ed valuable. (H all d id m u c h of th e early w ork on basic c o m m u ta to rs in th e 1930s, b u t did n o t p u b lish it.) T h e essay by H a rtle y (1984) co n tain s a full a cco u n t and very m an y references.
Sim ple groups
H all m ad e th re e c o n stru c tiv e c o n trib u tio n s to th e stu d y of infinite sim ple g ro u p s. F irs t th e re is his univ ersal c o u n ta b le locally finite g ro u p C in refe re n c e 29, w h ic h is d efin ed to w ith in iso m o rp h ism by th e p r o p e r ties th a t every finite g ro u p can be e m b e d d e d in C a n d any tw o iso m o rp h ic finite s u b g ro u p s are co n ju g a te in C. It is u n iv ersa l in th e sense th a t it c o n ta in s 2N° copies o f every n o n -triv ia l c o u n ta b le locally finite g ro u p . B ecause fo rm in g a w re a th p ro d u c t w ith in finitely m an y factors as a u n io n of finite w re a th p ro d u c ts w ith a su itab le e m b e d d in g rule is c u m b e rso m e if th e n u m b e r of factors is large or th e ir o rd e rin g elab o rate, H all defin ed in referen ce 31 th e g eneral w re a th p ro d u c t W = W r AeA d ire c tly for any o rd e re d set A a n d a rb itra ry p e rm u ta tio n g ro u p s H x. T h e d efin itio n gen eralized th a t given for finite w re a th p ro d u c ts by K a lo u jn in e & K ra s n e r (1950), a n d H all p ro v ed its essential p ro p e rty : th e associative law. W h e n all th e H x are p e rm u ta tio n a lly iso m o rp h ic w ith a given / / t h e n W is w h a t he called a w re a th po w er, W r O n th e a ssu m p tio n th a t no H x is triv ial, H all p ro v ed th a t if A has no g rea test elem en t th e n W ' = W " and every n o rm a l su b g ro u p of W ' is n o rm al in W. W h e n is a w re a th p o w er a n d th e g ro u p A of o rd e r p rese rv in g a u to m o rp h ism s of A acts irre d u c ib ly on A (as h a p p e n s if A is th e set o f in teg ers in th e ir n a tu ra l o rd er), he p ro v ed th a t W ' is a m in im al n o rm a l s u b g ro u p o e x ten sio n of W by A , a n d c o n seq u e n tly c h a racteristically sim ple. W ith H a n o n -triv ia l p -g ro u p , th is gives a w ide range of c h a racteristically sim ple p -g ro u p s, differing fro m th o se first d iscovered by M c L a in (1954) . All th e M c L a in g ro u p s are g e n e ra te d by A belian n o rm a l su b g ro u p s; H all p ro v ed th a t if A has no least e le m en t th e n W even has no finitely g e n erated su b n o rm a l su b g ro u p .
T h e sim ple o rd e re d g ro u p of C h e h a ta (1952) show ed th a t it is possible for infinite sim ple g ro u p s to have n o n -triv ia l series, th o u g h w h e th e r these could be ascen d in g w as a q u e stio n raised by P lo tk in (1958) . T o answ er th is, H all gave in reference 32 a general discussion of series in sim ple g ro u p s. U sin g a c o m b in a tio n of w reath pow er and to w e r-b u ild in g a rg u m e n ts, H all c o n stru c te d for any n o n -triv ia l g ro u p H and lim it o rd in al Other publications
